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Abstract
In this paper we give a simple proof of well-posedness of multidimensional scalar conservations laws with a strong boundary
condition. The proof is based on a result of strong trace for solutions of scalar conservation laws and kinetic formulation.
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1. Introduction
In this article we consider an open subset Ω ⊂Rd with C2 boundary ∂Ω and scalar conservation laws:
∂tu + divx A(u) = 0, u(0, x) = u0(x), x ∈ Ω, (1)
where the flux function is assumed to be regular, A ∈ C2(R). As usual, we deal only with entropy solutions, namely
those that fulfil in the sense of distributions
∂tη(u) + divx H(u) 0, (t, x) ∈ ]0, T [ × Ω, (2)
for every convex function η and related entropy flux defined by
H ′ = A′η′. (3)
The initial value problem in the half space R+ × Rd has been studied since the works of Kruzkov [7], where
the existence and uniqueness is obtained whenever the initial value is reached strongly in L1loc(R
d). For the initial
boundary value problem, Bardos, le Roux, and Nedelec [1] proposed the following appropriate boundary condition
on Γ = ]0, T [ × ∂Ω :
sign
(
uτ − ub
)(
A(u) − A(k)) · nˆ 0 (4)
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and (2). With this boundary condition they have proved the well-posedness of (1) and (2). But, their result requires the
existence of trace on Γ reached by L1 strong topology. So, they just consider solutions to be in the bounded variation.
After that, in [11], Otto has extended their result without using the bounded variation of solutions with the following
condition:
ess lim
s→0
∫
Γ
G
(
u
(
r + sn(r)), ub(r)) · nˆ(r)φ(r) dr  0 (5)
for all nonnegative φ ∈ C∞c (]0, T [ × ∂Ω) and boundary entropy pairs (P,G) verifying: for all w ∈ R, (P (·,w),
G(·,w)) is an entropy pair with P(w,w), and ∂zP (w,w) = 0 and G(w,w) = 0. Actually, the following boundary
condition (6) introduced by Dubois and LeFloch [5] is equivalent to (4) whenever the solution of (1) and (2) has strong
trace on Γ :[
H(u) · nˆs
]τ − H(ub) · nˆ − η′(ub)[(A(u) − A(ub)) · nˆs]τ  0 (6)
where Bτ means the trace of B on Γ . The boundary condition (6) is well-defined in L∞(Γ ) and reached by L1 con-
vergence by Kwon, Panov, and Vasseur [8,9,13]. Panov has recently proved the existence of strong trace of solutions of
(1) and (2) with a general flux on the half space R+ ×Rd , and it is based on H -measure idea. Kwon and Vasseur have
also shown the same result on the general domain Ω ⊂ R2, which is based on the blow-up idea noticed by Vasseur
[16]. Kwon also generalized the result by using H -measure method given by Panov [13]. With using these results,
the boundary condition (6) allows us to give a simple uniqueness proof. The results of uniqueness obtained through
different approaches appear in many articles. For more references, see Ben Moussa and Szepessy [2] and Imbert and
Vovelle [6]. As a similar result, recently in [3], Bürger, Frid and Karlsen have used the strong trace result [16] with
“nondegenerate” flux verifying:
L({ξ ∣∣ τ + ζ · A′(ξ) = 0})= 0, for every (τ, ζ ) = (0,0), (7)
where L is the Lebesgue measure, to study the Initial Boundary Problem with zero-flux condition at the boundary. In
our article Dubois and LeFloch’s boundary condition (6) is written in a kinetic form which plays an essential role in
the proof of uniqueness. We do not use a restricted assumption (7) on the flux A unlike the result of Bürger, Frid and
Karlsen [3]. The main theorem follows:
Theorem 1.1. Let u0(x) ∈ L∞(Ω). Then, there exists unique entropy solution u ∈ L∞(]0, T [ × Ω) verifying (1), (2),
and (6). Moreover, if u and v are entropy solutions of (1), (2), and (6) with initial conditions u(0, x) = u0(x) ∈ L∞(Ω)
and v(0, x) = v0(x) ∈ L∞(Ω), respectively, then, for a.e. t ∈ ]0, T [,∫
Ω
∣∣u(t, x) − v(t, x)∣∣dx  ∫
Ω
∣∣u0(x) − v0(x)∣∣dx. (8)
We emphasize that condition (6) allows us to give a simple proof of uniqueness. See also Sbihi [15] for a similar
result obtained independently. Notice that the existence for solution of (1), (2), and (6) is well-known by vanishing
viscosity method.
This paper is organized as follows. In Section 2 we state the kinetic formulation introduced by Lions, Perthame,
and Tadmor [10] and the result combined by the Kwon [8] and Panov [12,13]. From these two results, we are going
to conclude the equivalent boundary condition which is written in the kinetic form. In Section 3 we prove the main
result.
2. Preliminaries
We now introduce the kinetic formulation due to Lions, Perthame and Tadmor [10]. In order to do so we set
L = ‖u‖L∞(]0,T [×Ω) and introduce a new variable ξ ∈ ]−L,L[ and denote for every v ∈ ]−L,L[:
χ(v, ξ) =
{
1{0ξv} if v  0,
−1 if v < 0.{vξ0}
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on Q = ]0, T [ × Ω or on a local space. We will consider especially the following ones:
Definition 2.1. Let N be an integer, O be an open set of RN and the microscopic function f ∈ L∞(O× ]−L,L[) be
such that 0 sgn(ξ)f (z, ξ) 1 for almost every (z, ξ). We say that f is a χ -function if there exists u ∈ L∞(O) such
that for almost every z ∈O and ξ ∈ ]−L,L[:
f (z, ·) = χ(·;u(z)).
Notice that if f is a χ -function then we can choose u by the formula u(z) = ∫ L−L f (z, ξ) dξ .
Lions Perthame and Tadmor have shown in [10] the following theorem:
Theorem 2.1. A function u ∈ L∞(Q) with |u|  L is a solution of (1) and (2) in Q if and only if there exists
a nonnegative measure m ∈M+(Q×]−L,L[) such that the related χ -function f defined by f (t, x, ·) = χ(·;u(t, x))
for almost every (t, x, ξ) ∈ (Q × ]−L,L[) verifies:
∂tf + aˆ(ξ) · ∇xf = ∂ξm (9)
in Q × ]−L,L[ with aˆ(ξ) = A′(ξ).
To state strong trace result, we use the framework of “regular deformable boundary” (see for instance Chen and
Frid in [4]). Indeed for any domain Ω with C2 boundary, there exists at least one ∂Ω regular deformation, where,
for Kˆ to be open subset of ∂Ω , we call Kˆ regular deformation ψˆ : [0,1] × Kˆ → Ω¯ to be C1 diffeomorphism where
ψˆ(0, ·) ≡ I
Kˆ
, and I
Kˆ
is the identity map over Kˆ .
Let us denote nˆ to be the unit outward normal field of ∂Ω and nˆs to be the unit outward normal field of the
approximated boundary ψˆ({s} × ∂Ω), and set a = (1, aˆ). Notice that nˆs converges strongly to nˆ when s goes to 0.
Since Q has also a smooth boundary ∂Q, there exists at least one ∂Q regular deformation ψ constructed from ψˆ .
Let n and ns be the unit outward normal field of ∂Q and the unit outward normal field of the approximated boundary
ψ({s} × ∂Q), respectively. Notice that n · a = −1 on Ω and n · a = nˆ · aˆ on Γ . Let us now give a simple version of
Kwon [8] and Panov [12].
Theorem 2.2. Let Ω ⊂Rd be a regular open set with C2 boundary ∂Ω and the flux function A lie in C2(R). Consider
any function u ∈ L∞(Q) which verifies (1) and (2) in Q. For any function η ∈ W 1,1(R) we consider Hη = (η,H)
with the flux H verifying (3). Then there exists [Hη(u)]τ ∈ [L∞(∂Q)]d+1 such that, for every ∂Q regular deformation
ψ and every compact set K  ∂Q:
ess lim
s→0
∫
K
∣∣Hη(u(ψ(s, zˆ))) · ns(zˆ) − Hη(u)τ (zˆ) · n(zˆ)∣∣dV (zˆ) = 0,
where dV is the volume element of ∂Q. Moreover, there exists a · nf τ ∈ L∞(∂Q × ]−L,L[) such that, for every ∂Q
regular deformation ψ and every compact set K  ∂Q:
ess lim
s→0
∫
K
L∫
−L
∣∣a(ξ) · ns(zˆ)f (ψ(s, zˆ), ξ)− a(ξ) · n(zˆ)f τ (zˆ, ξ)∣∣dξ dV (zˆ) = 0.
Notice that from Theorem 2.2, [H(u) · nˆs]τ and
F(u,ub)
τ := [(A(u) − A(ub)) · nˆs]τ (10)
are well-defined in L∞(Γ ). Thus, we can rewrite (6) in the following kinetic form:
Lemma 2.1. Let u be a solution of (1) and (2) and ub ∈ L∞(Γ ). Then, the following are equivalent:
• [H(u) · nˆs]τ − H(ub) · nˆ − η′(ub)F (u,ub)τ  0 on Γ for every entropy flux H verifying (3) with any convex η,
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Proof of Lemma 2.1. First the quantities aˆ · nˆf τ , [H(u) · nˆs]τ , and F(u,ub)τ are well-defined thanks to Theorem 2.2.
Then, for any convex function η, we have the following:[
H(u) · nˆs
]τ − H(ub) · nˆ − η′(ub)F (u,ub)τ
=
L∫
−L
η′(ξ)aˆ(ξ) · nˆ[f τ (·, ξ) − χ(ξ ;ub)]− η′(ξ)δ(ξ=ub)F (u,ub)τ dξ (11)
where H is defined in (3) and F is given in (10). Let us set:
μ(zˆ, ξ) = −
ξ∫
−∞
aˆ(s) · nˆ(zˆ)[f τ (zˆ, s) − χ(s;ub(zˆ))]− η′(s)δ(s=ub(zˆ))F (u(zˆ), ub(zˆ))τ ds
for every zˆ ∈ Γ . It is obviously a measure. From (11), we have[
H(u) · nˆs
]τ − H(ub) · nˆ − η′(ub)F (u,ub)τ  0
in Γ for every entropy flux H if and only if:
−
L∫
−L
η′(ξ)∂ξμ(zˆ, dξ) =
L∫
−L
η′′(ξ)μ(zˆ, dξ) 0,
for any convex function η. This is equivalent to say that μ is nonnegative. The proof is complete. 
3. Proof of Theorem 1.1
This section is devoted to providing the proof of Theorem 1.1. In fact, it is sufficient to show the uniqueness of
Theorem 1.1. We first need to regularize the kinetic equation (9) with respect to the variables (t, x) by convolution
of mollified functions. This method was first initiated by Perthame [14] for the uniqueness proof of an initial value
problem.
Step 1.
Let u and v be solutions of (1), (2), and (6). We set two χ functions f and g corresponding to solutions u and v,
respectively by f (t, x, ξ) = χ(ξ ;u(t, x)) and g(t, x, ξ) = χ(ξ ;v(t, x)). We recall kinetic equations (9) for f and g
respectively. From (9), there exist m1,m2 ∈M+(Q × ]−L,L[) such that
∂tf + aˆ(ξ) · ∇xf = ∂ξm1, and ∂tg + aˆ(ξ) · ∇xg = ∂ξm2 (12)
for χ functions f,g respectively. In this step, we want to show the following inequality:
∫
Ω
L∫
−L
∂t
∣∣f (t, x, ξ) − g(t, x, ξ)∣∣2 dξ dx + ∫
∂Ω
L∫
−L
aˆ(ξ) · nˆ(x)∣∣f τ (t, x, ξ) − gτ (t, x, ξ)∣∣2 dξ dσ  0 (13)
for a.e. t ∈ ]0, T [ where dσ is the volume element of ∂Ω . We need first to regularize f and g with respect to variable
(t, x). We set  = (1, 2) and define φ by
φ(t, x) = 1
1
φ1
(
t
1
)
1
d2
φ2
(
x
2
)
,
where φ1 ∈ C∞c (R) and φ2 ∈ C∞c (Rd) verifying φj  0,
∫
φj = 1, j = 1,2, supp(φ1) ⊂ (0,1). We next mention some
convenient notations:
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• m1(t, x, ξ) = m1(·, ·, ξ) ∗(t,x) φ(t, x), m2(t, x, ξ) = m2(·, ·, ξ) ∗(t,x) φ(t, x)
where ∗(t,x) means the convolution in (t, x) and we extend f , g, m1, m2 to Rd+1 by putting 0 on Qc . The following
lemma is devoted to controling the part of entropy defect measures m1,m2 of u,v respectively and the proof is
provided in Perthame [14].
Lemma 3.1. Let m1 and m2 be nonnegative measures given in the Theorem 2.1. Then, the following holds:
lim
→0
L∫
−L
m1(·, ·, ξ)δ(ξ=u) ∗ φ + m2(·, ·, ξ)δ(ξ=v) ∗ φ dξ = 0 (14)
in D′(Q).
Proof of (13). Consider a regular mollified function φ as defined above. Let us denote a ∂Ω regular deformation
by ψˆ , and Ωs denote the open subset of Ω , whose boundary is ∂Ωs = ψˆ({s} × ∂Ω). Let us take the convolution to
two kinetic equations (12). Then we subtract these two equations obtained above and multiply them by f −g , which
yields:
∫
Ωs
L∫
−L
∂t
∣∣f(t, x, ξ) − g(t, x, ξ)∣∣2 + aˆ(ξ) · ∇x∣∣f(t, x, ξ) − g(t, x, ξ)∣∣2 dξ dσs
= 2
∫
Ωs
L∫
−L
∂ξ
(
m1(t, x, ξ) − m2(t, x, ξ)
)(
f(t, x, ξ) − g(t, x, ξ)
)
dξ dσs (15)
for a.e. s > 0 where dσs is the volume element of ∂Ωs . We need to deal with the part of defect measure. From the
Lemma 3.1, we obtain:
lim
→0
∫
Ωs
L∫
−L
∂ξ
(
m1(·, ·, ξ) − m2(·, ·, ξ)
)(
f(·, ·, ξ) − g(·, ·, ξ)
)
dξ dσs
= − lim
→0
∫
Ωs
L∫
−L
(
m1(·, ·, ξ) − m2(·, ·, ξ)
)
∂ξ
(
f(·, ·, ξ) − g(·, ·, ξ)
)
dξ dσs
= − lim
→0
∫
Ωs
L∫
−L
m1(·, ·, ξ)δ(ξ=v) ∗ φ + m2(·, ·, ξ)δ(ξ=u) ∗ φ dξ dσs
 0 (16)
for a.e. s > 0. Let us apply the divergence theorem to (15) and take  → 0, s → 0. Then Theorem 2.2 gives the
following inequality:
∫
Ω
L∫
−L
∂t
∣∣f (t, x, ξ) − g(t, x, ξ)∣∣2 dξ dx + ∫
∂Ω
L∫
−L
aˆ(ξ) · nˆ(x)∣∣f τ (t, x, ξ) − gτ (t, x, ξ)∣∣2 dξ dσ(x) 0 (17)
for a.e. t ∈ ]0, T [. 
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Next we need to show that the second part of (17) is nonnegative. We set the measures given in Lemma 2.1
corresponding to f,g by μ1,μ2 respectively such that there exist μ1,μ2 ∈M+(Γ × ]−L,L[) verifying:
aˆ(ξ) · nˆ(zˆ)[f τ (zˆ, ξ) − χ(ξ ;ub(zˆ))]− δ(ξ=ub(zˆ))F (u(zˆ), ub(zˆ))τ = −∂ξμ1(zˆ, ξ),
aˆ(ξ) · nˆ(zˆ)[gτ (zˆ, ξ) − χ(ξ ;ub(zˆ))]− δ(ξ=ub(zˆ))F (v(zˆ), ub(zˆ))τ = −∂ξμ2(zˆ, ξ) (18)
for (zˆ, ξ) ∈ Γ × ]−L,L[. We introduce the following fact which will be used later:
aˆ · nˆ∣∣f τ − gτ ∣∣2 = aˆ · nˆ(f τ − χ(ξ ;ub)) sgn(ξ − ub) − 2aˆ · nˆ(f τ − χ(ξ ;ub))(gτ − χ(ξ ;ub))
+ aˆ · nˆ(gτ − χ(ξ ;ub)) sgn(ξ − ub)
= aˆ · nˆ(f τ − χ(ξ ;ub))[sgn(ξ − ub) − gτ + χ(ξ ;ub)]
+ aˆ · nˆ(gτ − χ(ξ ;ub))[sgn(ξ − ub) − f τ + χ(ξ ;ub)] (19)
where
sgn(ξ − ub) =
{1 if ub  ξ < L,
−1 if − L < ξ < ub,
0 otherwise.
Let us denote α(ξ) = sgn(ξ − ub) − gτ + χ(ξ ;ub) and β(ξ) = sgn(ξ − ub) − f τ + χ(ξ ;ub). Combining (18), (19)
and using integration by part give the following equality:
∫
∂Ω
L∫
−L
aˆ(ξ) · nˆ(zˆ)∣∣f τ (zˆ, ξ) − gτ (zˆ, ξ)∣∣2 dξ dσ
=
∫
∂Ω
L∫
−L
aˆ(ξ) · nˆ(zˆ)[f τ (zˆ, ξ) − χ(ξ ;ub(zˆ))]α(ξ) dξ dσ
+
∫
∂Ω
L∫
−L
aˆ(ξ) · nˆ(zˆ)[gτ (zˆ, ξ) − χ(ξ ;ub(zˆ))]β(ξ) dξ dσ
=
∫
∂Ω
( ub∫
−L
+
L∫
ub
)(−∂ξμ1(zˆ, ξ)α(ξ) − ∂ξμ2(zˆ, ξ)β(ξ))dξ dσ
=
∫
∂Ω
ub∫
−L
μ1(zˆ, ξ)ν2 dξ dσ − μ1
(
u−b
)
α
(
u−b
)+ ∫
∂Ω
L∫
ub
μ1(zˆ, ξ)ν2 dξ dσ + μ1
(
u+b
)
α
(
u+b
)
+
∫
∂Ω
ub∫
−L
μ2(zˆ, ξ)ν1 dξ dσ − μ2
(
u−b
)
β
(
u−b
)+ ∫
∂Ω
L∫
ub
μ2(zˆ, ξ)ν1 dξ dσ + μ2
(
u+b
)
β
(
u+b
)
, (20)
where ν1, ν2 are nonnegative measures defined by ∂ξf τ = δ(ξ) − ν1 and ∂ξgτ = δ(ξ) − ν2. Notice that α(u+b ) 0,
β(u+b ) 0 and α(u
−
b ) 0, β(u
−
b ) 0. Thus, (20) is nonnegative.
Step 3.
We will finish the proof of Theorem 1.1 by combining Steps 1 and 2. Since the second part of (17) is nonnegative,
integrating the first part of (17) implies that: for fix 0 < s < t ,
∫ L∫ ∣∣f (t, x, ξ) − g(t, x, ξ)∣∣2 dξ dx  ∫
L∫ ∣∣f (s, x, ξ) − g(s, x, ξ)∣∣2 dξ dx.
Ω −L Ω −L
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Ω
∣∣u(t, x) − v(t, x)∣∣dx  ∫
Ω
∣∣u0(x) − v0(x)∣∣dx
for a.e. t ∈ ]0, T [. Indeed, |f (t, x, ξ) − g(t, x, ξ)|2 = |f (t, x, ξ) − g(t, x, ξ)|. The proof is complete. 
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